Abstract. We show that, for a given compact or discrete quantum group G, the class of actions of G on C*-algebras is first-order axiomatizable in the logic for metric structures. As an application, we extend the notion of Rokhlin property for G-C*-algebra, introduced by Barlak, Szabó, and Voigt in the case when G is second countable and coexact, to an arbitrary compact quantum group G. All the the preservations and rigidity results for Rokhlin actions of second countable coexact compact quantum groups obtained by Barlak, Szabó, and Voigt are shown to hold in this general context. As a further application, we extend the notion of equivariant order zero dimension for equivariant *-homomorphisms, introduced in the classical setting by the first and third authors, to actions of compact quantum groups. This allows us to define the Rokhlin dimension of an action of a compact quantum group on a C*-algebra, recovering the Rokhlin property as Rokhlin dimension zero. We conclude by establishing a preservation result for finite nuclear dimension and finite decomposition rank when passing to fixed point algebras and crossed products by compact quantum group actions with finite Rokhlin dimension.
Introduction
The Rokhlin property is a freeness condition for actions of groups on C*-algebras. It has been intensively studied in recent years due to, among other things, the strong implications it has on the structural properties of fixed point algebras and crossed products. While generalizations to noncompact groups, such as Z [32] , or R [27] , have been considered, the most common setting where the Rokhlin property has been studied is the one of finite or, more generally, compact groups; see [17, 29] . In this case, it has recently been shown implicitly [1] , and explicitly in [22] , that the Rokhlin property is of model-theoretic nature. Namely it corresponds to the *-homomorphism defining the action being positively existential in the sense of first order logic for metric structures.
Building on this work, the notion of Rokhlin property and the above-mentioned preservation results have been generalized to the more general setting of actions of coexact compact quantum groups on C*-algebras in [2] . This work has significantly expanded the scope of the preservation results for Rokhlin actions, paving the way of finding several new examples of classifiable C*-algebras arising from compact quantum group actions. Furthermore, approach from [2] has also contributed to a simplification and better understanding of the Rokhlin property, even in the classical setting.
While very fruitful, the Rokhlin property is also quite restrictive. In order to circumvent this problem, the notion of Rokhlin dimension has been recently introduced in the setting of actions of finite groups [28] , compact groups [19] , or R [27] . In this setting, the Rokhlin property corresponds to having Rokhlin dimension equal to zero. Furthermore, unlike Rokhlin actions, actions with finite Rohlin dimension are prevalent, even in the case of C*-algebras that do not admit any Rokhlin action, such as the Jiang-Su algebra.
The model-theoretic description of the Rokhlin property has been generalized to Rokhlin dimension in [22] , in terms of the notion, introduced therein, of equivariant order zero dimension for an equivariant *-homomorphism. Such a notion subsumes the notion of positively existential equivariant *-homomorphism, which corresponds to having equivariant order zero dimension equal to zero. This new perspective has been used in [22] to recover and extend various preservation results for fixed point algebras and crossed products of actions with finite Rokhlin dimension.
The goal of this paper is to show how these notions and results naturally extend to the more general setting of actions of compact quantum groups. To this purpose, we begin by showing that, for a fixed discrete or compact quantum group G, the class of actions of G on C*-algebras (G-C*-algebras) is first-order axiomatizable in a suitable language in the logic for metric structures. This provides a notion of positively existential G-equivariant *-homomorphism between G-C*-algebras, as well as a notion of ultraproducts and reduced products for G-C*-algebras consistent with the one considered in [2] . This perspective is then used to show how to remove all coexactness and separability assumptions in the preservation and rigidity results from [2] .
We then consider the natural generalization to the notion of equivariant order zero dimension for equivariant *-homomorphisms, and define Rokhlin dimension for compact quantum group actions in terms of such a notion. We use the perspective of order zero dimension to establish many relevant facts about actions with finite Rokhlin dimension, some of which are new even in the well studied case of finite group actions. We conclude by showing how the preservation results for nuclear dimension and decomposition rank under fixed point algebras and crossed product from [19, 22, 28] admit natural extensions to this setting.
In order to make the present paper accessible to readers that are not necessarily familiar with quantum groups, we recall all the definitions and results that we use. The interested reader can find more information in the monographs [6, 47] and the surveys [34, 35, 39] . Both compact and discrete quantum groups are subsumed by the more general class of locally compact quantum groups as defined and studied in [36] [37] [38] 48] . While this allows one to give a unified treatment, it is also technically more demanding. In order to make the paper more accessible, and since all our results regard quantum groups that either compact or discrete, we will present all the notions that we consider in these special cases. The interested reader is referred to [36] [37] [38] 48] as well as the monograph [47] for more information on locally compact quantum groups.
For convenience of the readers unfamiliar with first order logic for metric structures, we include an appendix containing the notions and results from the logic for metric structures that are used in the present paper. We will work in the framework of logic for metric structures with domains of quantification as considered in [15] . A good introduction to this topic is offered by the monograph [3] . A systematic study of C*-algebras from the perspective of model theory has been undertaken [12] ; see also [4, 7-9, 11, 13-16, 24, 25, 40, 41] .
The present paper is divided into five sections, besides this introduction. In Section 2 we recall the notion of discrete quantum group, discrete quantum group action, and show that the class of actions of a given discrete quantum group on C*-algebras is first-order axiomatizable. The same is done in Section 3 for compact quantum groups. Section 4 contains some results, to be used in the following sections, relating the notion of ultraproduct of G-C*-algebras with crossed products and stabilization. In Section 5 we introduce the notion of positive existential embeddings and Rokhlin property for a G-C*-algebra, generalizing notions introduced in [2] when G is coexact and second countable. The main results of [2] are then generalized to the case of an arbitrary compact quantum group G. Finally, Section 6 contains the notion of G-equivariant order zero dimension for morphisms between G-C*-algebras, which is used to define the Rokhlin dimension of a G-C*-algebra. Our main preservation results for nuclear dimension and decomposition rank for G-C*-algebras with finite Rokhlin dimension are presented here.
Given a subset X of a Banach space E, we denote by [X] the closure of the linear span of X inside E. If A is a C*-algebra, then we let M (A) be its multiplier algebra, and byÃ its minimal unitization. We canonically identify A with an essential ideal of M (A) and ofÃ. We denote by ⊗ the injective tensor product of Banach spaces, and the minimal tensor product of C*-algebras (which indeed coincides with the injective tensor product as Banach spaces). The algebraic tensor product of complex algebras is denoted in this paper by ⊙. A *-homomorphism π : A → B between C*-algebras is said to be nondegenerate if [π(A)B] = B. Given a nondegenerate *-homomorphism π : A → M (B), we also denote by π its unique extension to a (unital, strictly continuous) *-homomorphism π : M (A) → M (B). We say that a C*-subalgebra A of B is nondegenerate if the inclusion map from A to B is nondegenerate. We will frequently use in the following that if A is a C*-algebra, and I is a dense two-sided ideal in A, then I contains an increasing approximate unit for A.
Given a Hilbert space H, we let B(H) be the space of bounded linear operators on H, and K(H) be the space of compact operators on H. Given vectors ξ, η ∈ H we denote by φ ξ,η the corresponding vector linear functional φ ξ,η (T ) := η, T ξ . We will frequently use the leg notation for elements in a tensor product [47, Notation 7.1.1]. For a Hilbert space H, we let Σ ∈ B(H ⊗ H) denote the flip unitary. If T ∈ B(H ⊗ H), we let T 12 , T 23 , T 13 ∈ B(H ⊗ H ⊗ H) be defined by T 12 = T ⊗ id H , T 23 = id H ⊗ T , and T 13 = Σ 23 T 12 Σ 23 = Σ 12 T 23 Σ 12 . More generally, one can similarly define the operators T i1...i k ∈ B(H ⊗ · · · ⊗ H) for any sequence of indices i 1 , . . . , i k .
2. An axiomatization of discrete quantum group actions 2.1. Discrete quantum groups. A discrete quantum group G is a C*-algebra c 0 (G) which is a direct sum of full matrix algebras endowed with a comultiplication ∆ : c 0 (G) → M (c 0 (G) ⊗ c 0 (G)) that turns A into a multiplier Hopf *-algebra [49, Definition 2.4] . This means that ∆ : c 0 (G) → M (c 0 (G)⊗c 0 (G)) is a nondegenerate *-homomorphism such that: The discrete quantum group G is said to be second countable if c 0 (G) is separable. Let G be a discrete quantum group. Then there exist an index set Λ and finite dimensional Hilbert spaces H λ , for λ ∈ Λ, such that c 0 (G) is isomorphic to λ∈Λ K(H λ ). Set c 0 (G) λ = K(H λ ) for λ ∈ Λ, and denotes its unit by 1 λ . We identify c 0 (G) λ with a subalgebra of c 0 (G), M (c 0 (G)) with λ∈Λ c 0 (G) λ , and
Remark 2.1. Let µ, ν ∈ Λ, and set Λ µ,ν = {λ ∈ Λ : ∆ λ µ,ν = 0}. By [50, Proposition 2.2], the set Λ µ,ν is finite. Since ∆ is nondegenerate, we have
for every µ, ν ∈ Λ. Therefore the canonical extension of ∆ to a unital *-homomorphism ∆ :
2.2. Discrete quantum group actions. Let G be a discrete group, and let A be a C*-algebra.
We will refer to a C*-algebra A endowed with a distinguished action of G as a G-C*-algebra. If (A, α) and (B, β) are G-C*-algebras, then a *-homomorphism φ : A → B is said to be G-equivariant if it satisfies (id ⊗ φ) • α = β • φ. It follows from the density condition that, if (u i ) is an approximate unit for A, then (α(u i )) is an approximate unit for c 0 (G) ⊗ A.
Let α : A → M (c 0 (G)⊗A) be a nondegenerate injective *-homomorphism. For λ ∈ Λ, let α λ : A → c 0 (G) λ ⊗A be the coordinate function for α, so that
The conditions from Definition 2.2 can be restated as
In turn, by Cohen's factorization theorem, (2') is equivalent to the assertion that for every λ ∈ Λ, for every a ∈ c 0 (G) λ ⊗ A of norm at most 1, and every ε > 0, there exist x ∈ c 0 (G) λ and b ∈ A of norm at most 1 such that (x ⊗ 1)α(b) − a < ε. Example 2.3. If G is a classical discrete group, the one can regard G as a discrete quantum group by considering the C*-algebra c 0 (G) of functions from G to C vanishing at infinity. In this case, one has that Λ = G and c 0 (G) λ = C for every λ ∈ G. The comultiplication function ∆ :
Every discrete quantum group G such that c 0 (G) is a commutative C*-algebra arises from a classical discrete group in this fashion.
2.3. Axiomatization. We continue to fix a discrete quantum group G. We now describe a natural (multisorted) language L C* G that has G-C*-algebras as structures. For comparison, one can refer to the language considered in the axiomatization of operator systems from [24, Appendix B].
2.3.1. The language. The language L C* G has, for every n ≥ 1, sorts S (n) and C (n) to be interpreted as M n (C)⊗ A and M n (C), respectively. For each of these, the domains of quantifications should be interpreted as the balls with respect to the norm centered at the origin.
The function and relation symbols consist of: (1) function and relation symbols for the C*-algebra operations and the C*-algebra norm on M n (C) ⊗ A and M n (C) for every n ∈ N; (2) function symbols for the M n (C)-bimodule structure on M n (C) ⊗ A; (3) constant symbols the elements of M n (C); (4) for any bounded linear map T :
to be interpreted as T and T ⊗ id A ; (5) function symbols for the canonical inclusions of each of the tensor factors in M n (C) ⊗ A; (6) function symbols S → S (d λ ) to be interpreted as the injective *-homomorphisms α λ : A → c 0 (G) λ ⊗ A that define the action. It is clear that any G-C*-algebra can be seen as an L C* G -structure in a canonical way.
2.3.2.
The axioms. We now describe axioms for the class of G-C*-algebras in the language L C* G described above. Such axioms are designed to guarantee the following:
(1) the interpretations of the sort S (n) and C (n) are C*-algebras; (2) the domains of quantifications are interpreted as the balls (see [12, Example 2.2.1]); (3) the sorts S (n) and C (n) , the symbols for the canonical inclusions of each of the tensor factors in M n (C)⊗A, the symbols for the maps T and T ⊗ id A for any bounded linear map T : M n (C) → M m (C), the symbols for the M n (C)-bimodule structure on M n (C) ⊗ A, and the symbols for the elements of M n (C), are interpreted as they should be (see [24, Appendix C]); (4) the interpretation of the symbols for the maps α λ that define the action are isometric *-homomorphisms;
for every a ∈ c 0 (G) λ ⊗ A of norm at most 1, and every ε > 0, there exist x ∈ c 0 (G) λ and b ∈ A, both of norm at most 1, such that (x ⊗ 1)α(b) − a < ε. It is clear from the discussion above that these axioms indeed axiomatize the class of G-C*-algebras. Furthermore, it is easy to see that these axioms are all given by conditions of the form σ ≤ r where σ is a positive primitive ∀∃-L C* G -sentence and r ∈ R. Therefore, this shows that the class of G-C*-algebras is positively primitively ∀∃-axiomatizable in the language L C* G in the sense of Definition A.20. One can observe that, when G is second-countable, the language L C* G is separable for the class of G-C*-algebras; see Definition A.18. More generally, the density character of L C* G for the class of G-C*-algebras is equal to the size of Λ. It is not difficult to verify that an L C* G -morphism between G-C*-algebras is precisely a G-equivariant *-homomorphism, while an L C* G -embedding is an injective G-equivariant *-homomorphism.
2.3.3. Ultraproducts. Once G-C*-algebras are regarded as L C* G -structures as described above, one can consider ultraproducts of G-C*-algebras as a particular instance of ultraproducts in first-order logic for metric structures; see [15] . It follows from Los' theorem that the ultraproduct of G-C*-algebras is again a G-C*-algebra.
More generally, one can consider reduced products with respect to an arbitrary filter F as defined in [23] . It is easy to see that, in the particular case when F is the filter of cofinite subsets of N, then the reduced power of a G-C*-algebra (A, α) with respect to F coincides with the G-C*-algebra (A ∞ , α ∞ ) constructed in [2] . It follows from the fact that the class of G-C*-algebras is positively primitively ∀∃-axiomatizable in the language L C* G together with Corollary A.23 that the reduced product of G-C*-algebras is again a G-C*-algebra. This recovers [2, Lemma 2.6] as a particular case.
2.3.4.
Other languages. Occasionally, it is useful to consider C*-algebras as structures in a language other than the standard language for C*-algebras L C* . These other languages are useful to capture properties that are preserved by more general classes of morphisms, rather than just *-homomorphisms, such as for example completely positive contractive maps or completely positive contractive order zero maps. Several languages are considered in [22, Section 3] . For each such language L, one can consider a corresponding G-equivariant language L G . This can defined as in Subsubsection 2.3.4, by starting with the language L rather than L C* .
3. An axiomatization of compact quantum group actions 3.1. Compact quantum groups. A (reduced, C*-algebraic) compact quantum group G is given by a unital C*-algebra C(G) endowed with a unital *-homomorphism (comultiplication) ∆ :
, and
• ∆ = h where in the last equation we identify C with the space of scalar multiples for the identity in C(G). The first two conditions assert that C(G) endowed with the comultiplication ∆ is a unital Hopf C*-algebra [43, Definition 2.2]. A compact quantum group is said to be second countable if C(G) is separable.
A unitary representation of G on a Hilbert space H is a unitary u ∈ C(G) ⊗ B(H) satisfying u (13) u (23) = (∆ ⊗ id)(u). We identify a unitary representation with the linear map H → C(G) ⊗ H given by η → u(1 ⊗ η) for all η ∈ H. Direct sum and tensor product of representations is defined in the usual way. A representation is called irreducible if it has no non-trivial invariant closed subspace. Every unitary representation of G is equivalent to a direct sum of irreducible unitary representations.
We let Rep(G) be the set of unitary representations of G on finite-dimensional Hilbert spaces. For λ ∈ Rep(G) we let u λ ∈ C(G) ⊗ K(H λ ) be the associated representation, and we denote by d λ the dimension of H λ . We also define Irr(G) to be the set of equivalence classes of irreducible unitary representations of G. Given λ, µ ∈ Irr(G), we set δ λ,µ = 1 if λ and µ are equivalent, and δ λ,µ = 0 otherwise. For λ ∈ Rep(G) and ξ, η ∈ H λ , set u λ ξ,η = (id ⊗ φ ξ,η )(u λ ) ∈ C(G). These are called the matrix coefficients of the unitary representation λ. If λ ∈ Irr(G), then we fix an orthonormal basis {e
For an arbitrary λ ∈ Rep(G), we write λ as a direct sum of irreducible unitary representations λ 1 ⊕ · · · ⊕ λ n , and then we consider the orthonormal basis of H λ = H λ1 ⊕ · · · ⊕ H λn associated with the given orthonormal bases of H λ1 , . . . , H λn .
Define O(G) to be the dense selfadjoint subalgebra of C(G) given by By [6, Theorem 1.8], for every λ ∈ Irr(G) there is a positive invertible operator F λ ∈ K(H λ ) satisfying:
for all ξ, η ∈ H λ , where dim q (λ) = Tr(F λ ) is the quantum dimension of λ. Furthermore, one has
ζ,χ ) = 0 whenever λ, µ are nonequivalent, for all ξ, η ∈ H λ , and all ζ, χ ∈ H µ . In particular, we deduce that
λ is a finite-dimensional subspace of C(G) which is invariant under the comultiplication. If λ, µ ∈ Irr(G), then C(G) λ and C(G) µ are orthogonal with respect to the inner product defined by the Haar state h. It follows that O(G) is equal to the algebraic direct sum of C(G) λ for λ ∈ Irr(G). For λ, µ ∈ Rep(G), we have
Define O(Ĝ) be the space of linear functionals on C(G) of the form x → h(xy) for some y ∈ O(G).
It follows from Equation 1 that
for ξ, η ∈ H λ , and observe that(ω
and
3.2. The fundamental unitaries. We now recall the important concept of fundamental unitaries associated with a given compact quantum group G. 
) defines as follows.
• The operator W is the adjoint of the unitary operator induced by the linear map with dense image
• Similarly, V is the unitary operator induced by the linear map with dense image The C*-algebra C(G) ⊆ B(L 2 (G)) can be recovered as the left leg of W :
Similarly, the group C*-algebra C * (G) = c 0 (Ĝ) can be recovered as the right leg of W :
One can recover C(G) as the right leg of V , and c 0 (Ĝ) as the left leg of V . Furthermore, W belongs to
) the flip unitary, and define normal *-homomorphisms ∆,∆ :
for all x, y ∈ B(L 2 (G)). The restriction of ∆ to C(G) gives the comultiplication of C(G), while the restriction of∆ to c 0 (Ĝ) gives the comultiplication of c 0 (Ĝ).
3.3.
Compact quantum group actions. Let G be a (reduced, C*-algebraic) compact quantum group, and let A be a C*-algebra. Definition 3.3. A (left, continuous) action of G on A is an injective nondegenerate *-homomorphism α : A → C(G) ⊗ A satisfying the following conditions:
If A is a C*-algebra endowed with a distinguished action α of G on A, then we refer to the pair (A, α) as a G-C*-algebra. A canonical example of G-C*-algebra is C(G) endowed with the left translation action of G on C(G) given by the comultiplication ∆.
Suppose now that λ ∈ Rep(G). An intertwiner between λ and α is a linear map v :
for every ξ ∈ H λ . The space of intertwiners between λ and α is denoted by Int(λ, α). The λ-isotypical component (or λ-spectral subspace) is the closed subspace
It follows from the Schur orthogonality relations that E λ sm E µ ln = δ λµ δ ml E sn for λ, µ ∈ Irr(G). The proof of [45, Theorem 1.5] shows that A λ is a closed subspace of A. Indeed, one can alternatively describe A λ as The spectral subspace A α := A t associated with the trivial representation t of G is a nondegenerate C*-subalgebra of A, called the fixed point algebra. The projection E t onto A α is a faithful conditional expectation, and A λ is an A α -bimodule for every λ ∈ Rep(G). The formula a, b = E t (a * b) defines a (right) full Hilbert A α -module structure on A [6, Lemma 3.8 and Lemma 3.19], and two spectral subspaces A λ , A µ associated with nonequivalent λ, µ ∈ Irr(G) are orthogonal with respect to such a C*-bimodule structure.
Proof. It is enough to observe that C(G) λ ⊗ A is endowed with the injective Banach space tensor product, and that u
We close this subsection with the following lemma.
Proof. Part (1) is straightforward, so we show (2) . By linearity, we can assume that a has the form a = a λ k,i for some 1 ≤ i ≤ c λ and 1 ≤ k ≤ d λ . Using the fact that O(G) is a Hopf *-algebra, we have
This concludes the proof.
3.4. Axiomatization. Throughout this subsection, we fix a compact quantum group G. Our goal is to show that there is a natural language L C* G in the logic for metric structures that allows one to regard G-C*-algebra as L C* G -structures, in such a way that the class of G-C*-algebra is axiomatizable. We begin by describing the language, and then present the axioms for the class of G-C*-algebras. • a sort S, to be interpreted as the C*-algebra A where G acts;
• a sort S (0) to be interpreted as C(G); • a sort S (1) to be interpreted as C(G) ⊗ A; • a sort C to be interpreted as the algebra of complex numbers.
For each of the sorts above, the domains of quantifications are as follows:
• S has domains of quantification D λ n for λ ∈ Rep(G) and n ∈ N, to be interpreted as the ball of radius n of A λ ⊆ A centered at the origin;
for λ ∈ Rep(G) and n ∈ N, to be interpreted as the ball of radius n of C(G) λ ⊆ C(G) centered at the origin; • S (1) has domains of quantification D
(1),λ n for λ ∈ Rep(G) and n ∈ N, to be interpreted as the ball of radius n of
• C has domains of quantification D n of n ∈ N, to be interpreted as the balls of radius n of C centered at the origin.
The function and relation symbols consist of:
• function and relation symbols for the C*-algebra operations and C*-algebra norm of A, C(G), C(G)⊗A, and C; • constant symbols for the elements of C and for the elements of O(G); • function symbols for the O(G)-bimodule structure of C(G) ⊗ A;
• for every λ ∈ Rep(G) and u ∈ C(G) λ , a function symbol S → S (1) for the canonical map A → C(G)⊗A; • for every bounded linear map T :
to be interpreted as T ⊗id A : C(G)⊗A → C(G)⊗A and a function symbol
(1) → S to be interpreted as the map ω ⊗ id A : C(G) ⊗ A → A (slice maps) and a function symbol S (0) → C to be interpreted as ω : C(G) → C; • a function symbol S → S (1) for the *-homomorphisms α : A → C(G) ⊗ A defining the action.
3.4.2.
Axioms. We now describe axioms for the class of G-C*-algebras in the language L C* G described above. We will use the notation introduced in Subsection 3.1 and Subsection 3.3. Particularly, we set E
The axioms are designed to guarantee the following:
(1) the interpretations of the sort S, S (0) , and S (1) are C*-algebras; (2) the interpretation of the symbol for α is an isometric *-homomorphism; (3) the sort C is interpreted as the complex numbers, and its domains are interpreted correctly; (4) the interpretation of the domains D λ,S n is the ball of radius n of the range of E λ centered at the origin (see also [12 is the ball of radius n of the range of P λ ⊗ E λ centered at the origin; (6) the interpretation of the sort S (0) is isomorphic to C(G) as a C*-algebra; (7) the interpretation of the sort
is the minimal (injective) tensor product norm (see Lemma 3.4); (9) the function symbols for T : 
is the direct sum of irreducible unitary representations λ 1 ⊕ · · · ⊕ λ n , and the fixed orthonormal basis on
λn is obtained from the fixed orthonormal bases of H λ1 , . . . , H λn ; (13) the interpretations of the symbols for E λ and P λ satisfy
for every λ ∈ Irr(G) and 1 ≤ i, j ≤ d λ (see part (1) of Lemma 3.5); (14) for every λ ∈ Irr(G), we have
Next, we show that the axioms (1)- (14) indeed axiomatize the class of G-C*-algebras.
G -structure satisfies (1)- (14) above if and only if it is given by a G-C*-algebra.
Proof. The discussion in Subsection 3.3 shows that any G-C*-algebra (A, α), when regarded as an L C* G -structure, satisfies the axioms (1)- (14) above. We prove the converse, by showing that (13) implies that the action condition from Definition 3.3 holds, and that (14) implies that the density condition from Definition 3.3 holds.
For every λ ∈ Irr(G) and 1 ≤ i, j ≤ d λ , in view of the axioms from (13) we have
Since this is true for every λ ∈ Irr(G) and 1 ≤ i, j ≤ d λ , we conclude that (id ⊗ α) • α = (∆ ⊗ id) • α, which is exactly the action condition from Definition 3.3.
For the density condition, let λ ∈ Irr(G) and a ∈ A λ . Then
Since this holds for every λ ∈ Irr(G), we have that
It is easy to see that the axioms above are given by conditions of the form σ ≤ r, where σ is a positive primitive ∀∃-L C* G -sentence and r ∈ R. Therefore, the class of G-C*-algebras is positively primitively ∀∃-axiomatizable in the language L C* G , in the sense of Definition A.20.
3.4.3.
Freeness. We continue to fix a compact quantum group G. We recall here the notion of freeness for a G-C*-algebra A from [10] .
It is proved in [10, Theorem 2.9 ] that such a definition recovers the usual notion of freeness in topological dynamics when G is a classical compact group and A is an abelian C*-algebra.
Example 3.9. The left translation action of G on C(G) is free. More generally, if A is any C*-algebra, then the G-action on C(G) ⊗ A given by ∆ ⊗ id A is free as well.
The following equivalent reformulation of freeness is an easy consequence of the fact that O(A) is a dense *-subalgebra of A, the fact that O(G) is a dense *-subalgebra of C(G), and part (1) of Lemma 3.5.
It follows that the class of free G-C*-algebras is definable by a uniform family of positive existential L C* G -formulas.
3.4.4.
Ultraproducts. Regarding G-C*-algebras as structures in the language L C* G described above provides a natural notion of ultraproduct of G-C*-algebras, as a particular instance of the notion of ultraproduct in the logic for metric structures. Since the class of G-C*-algebras is axiomatizable in the language L C* G , it follows that the ultraproduct of G-C*-algebras is a G-C*-algebra.
More generally, one can consider reduced products of G-C*-algebras with respect to an arbitrary filter F as particular instances of reduced products of metric structures as defined in [23] . Concretely, suppose that F is a filter on a set I, and let (A i , α i ) be an I-sequence of G-C*-algebras. For λ ∈ Rep(G), let A λ be the Banach space obtained as the vector space of bounded sequences (a i ) ∈ i∈I (A i ) λ endowed with the seminorm (a i ) = lim sup F a i . (This is just the reduced product F (A i ) λ of the I-sequence of Banach spaces (A i ) λ .) One can regard A λ as a closed subspace of A µ whenever λ, µ ∈ Rep(G) and λ is contained in µ. Therefore, the union λ∈Rep(G) A λ has a natural normed vector space structure. Let A denote its completion. We will write [a i ] F for the element of A λ corresponding to the bounded sequence (a i ) i∈I in i∈I A i . Multiplication and involution on A are induced by pointwise operations (It is important to notice here that (a i b i ) is automatically a bounded sequence in i∈I (A i ) λ⊗µ and (a * i ) is a bounded sequence in i∈I (A i ) λ .) Finally, since C(G) λ is finite-dimensional for every λ ∈ Rep(G), one can isometrically identify C(G) λ ⊗ A λ with the reduced product of Banach spaces F (C(G) λ ⊗ (A i ) λ ); see for instance [26, Lemma 7.4] , where the case of ultraproducts is considered. Therefore, the assignment (a i ) i∈I → (α(a i )) i∈I , induces a function
is easily seen to be an action of G on A. In the following, we will denote such an action by α F .
Remark 3.11. In view of [2, Proposition 2.13], considering such an explicit construction of the reduced product shows that it coincides with the continuous part of the sequence algebra as defined in [2, Definition 2.11] when F is the filter of cofinite subsets of N and G is a second countable coexact compact quantum group (which is the only case considered in [2, Definition 2.11]).
We now show that, when G is a classical compact group, the reduced product of G-C*-algebras as L C* Gstructures agrees with the continuous part of the sequence algebra of a G-C*-algebra considered in the C*-algebra literature; see, for example, [22] . Proposition 3.12. Let G be a compact group. Suppose that F is a filter on an index set I, and let {(A i , α (i) ) : i ∈ I} be G-C*-algebras. Denote by α F the (not necessarily continuous) action of G on F A i given by pointwise application of the actions α (i) . Then the reduced ultraproduct G F A i agrees with the subalgebra of F A i where α F is continuous.
Proof. For convenience, denote by B the subalgebra of F A i where G acts continuously. Regard G F A i as a C*-subalgebra of F A i , in such a way that the inclusion
On the other hand, since the action of G on B is continuous, the *-subalgebra O(B) = λ∈Rep(G) B λ consisting of the spectral subspaces for B, is dense in B. For every λ ∈ Rep(G), and using the projections onto the spectral subspaces, one can see directly that
Since this holds for every
In particular, it follows from these observations that the (positive) existential theory of a G-C*-algebras as defined in [22, Subsection 2.2] coincides with the (positive) existential theory of a G-C*-algebras as an L C* G -structure.
3.4.5. Other languages. As for the case of discrete quantum group actions, it is sometimes useful to consider C*-algebras and G-C*-algebras as structures in a language that is different from the standard language for C*-algebras. These other languages allow one to capture properties that are preserved under not necessarily multiplicative maps. Several such languages are considered in [22, Section 3] . If L is such a language, one can define its corresponding G-equivariant analogue L G as above, so that G-C*-algebras can also be regarded as L G -structures. 4 . Crossed products and reduced products 4.1. The dual of a compact quantum group. The dualĜ of a compact quantum group G is the discrete quantum group defined as follows. By assumption, the GNS representation associated with the Haar state h on C(G) defines a faithful representation of C(G). We denote by L 2 (G) the corresponding Hilbert space, and we identify C(G) with a subalgebra of B(L 2 (G)). We let x → |x be the canonical map from C(G) to L 2 (G), so that
x |y = |xy , and
Recall that O(Ĝ) denotes the space of linear functionals on C(G) of the form x → h(xa) for some a ∈ O(G). It coincides with the space of linear functionals on C(G) of the form x → h(ax) for some a ∈ O(G), and it is also equal to the linear span of ω λ ij for λ ∈ Irr(G) and 1 ≤ i, j ≤ d λ . This is an algebra with respect to convolution.
and observe that ω
is also called the group C*-algebra of the compact quantum group G.
The multiplication operation on C(G) defines a nondegenerate *-homomorphism∆ :
Such a nondegenerate *-homomorphism extends to c 0 (Ĝ) and defines a nondegenerate *-homomorphism∆ : c 0 (Ĝ) → M (c 0 (Ĝ) ⊗ c 0 (Ĝ)). This defines a discrete quantum groupĜ, which is the dual of G.
For the purpose of defining the dual of a given action, it is convenient to consider the opposite discrete group G ofĜ. In the following definition, we denote by Σ ∈ B(H ⊗ H) the flip unitary.
Definition 4.1. Let G be a compact quantum group. Following [2] , we defineǦ to be the discrete group such that c 0 (Ǧ) is equal to c 0 (Ĝ) as a C*-algebra, but endowed with the opposite comultiplication∆ = Σ •∆ • Σ.
The Hopf *-algebra O(Ǧ) is equal to O(Ĝ) but endowed with the opposite comultiplication.
4.2.
The crossed product of a compact quantum group action. We fix a compact quantum group G and a G-C*-algebra (A, α). We proceed to define the associated (reduced) crossed product. 
The crossed product is canonically endowed with an actionα ofǦ, called the dual action, which is defined by settingα
We will regard G⋉ α,r A as aǦ-C*-algebra endowed with such an action ofǦ. Given ω ∈ c 0 (Ǧ) and a ∈ A, we denote by ω ⋉ a the element (ω ⊗ 1)α(a) of G ⋉ α,r A. It is shown in [6, Theorem 5.31 ] that the reduced crossed product G ⋉ α,r A as defined above coincides with the full crossed product in the sense of [6, Definition 5.27] , and therefore can also be denoted by G ⋉ α A. It follows from the universal property of the full crossed products that, if (B, β) and (C, γ) are G-C*-algebras, then a G-equivariant *-homomorphism φ : 
Suppose now that F is a filter on some index set I. For every ℓ ∈ I, let (A ℓ , α ℓ ) be a G-C*-algebra. Fix also, for every ℓ ∈ I, a nondegenerate faithful *-representation A ℓ → B(H ℓ ). Consider the corresponding reduced product of G-C*-algebras
, which is a G-C*-algebra endowed with the action α F . Then the crossed product G ⋉ αF
On the other hand, one can also consider, for every ℓ ∈ I, the crossed product
, and then the reduced product ofǦ-C*-algebras
These algebras do not coincide in general, but there is always a canonical map in one direction, as we show next. 
λ , determines an injectiveǦ-equivariant *-homomorphism
Proof. To simplify the notation, we drop the subscript F when denoting elements of a reduced product via their representative sequences. Suppose that
We conclude that
The fact that Φ is aǦ-equivariant *-homomorphism can be verified directly by means of the expression for the multiplication and involution in the crossed product, together with the definition of the dual action. This finishes the proof.
Suppose now that α is a continuous action ofǦ on a C*-algebra A. Fix a nondegenerate faithful *-representation A → B(H). One defines the reduced crossed productǦ ⋉ α,r A to bě
As before, we denote the element (x ⊗ 1)α(a) ofǦ ⋉ α,r A by x ⋉ a. The reduced crossed product is endowed with a canonical action of G (dual action) defined by the *-homomorphismα :
The reduced crossed product construction is functorial, and a (nondegenerate) G-equivariant *-homomorphism φ induces a (nondegenerate) G-equivariant *-homomorphismǦ ⋉ φ between the reduced crossed products. This allows one to prove the analogue of Lemma 4.3 in this context. It is clear that, for λ ∈ Rep(G), the corresponding spectral subspace ofǦ ⋉ α,r A is just
Lemma 4.5. Suppose that G is a compact quantum group, F is a filter on a set I, and (A ℓ , α ℓ ) is aǦ-C*-algebra for every ℓ ∈ I. The assignment of
Proof. This is easy to see directly, using the fact that C(G) λ is finite-dimensional for every λ ∈ Rep(G). 
) denote the multiplicate unitary associated with G, and set 
In the following, given a G-C*-algebra (A, α), we regard K G ⊗ A as a G-C*-algebra with respect to α K .
When G is a classical compact group, α K is just the diagonal action, where K G is endowed with the action of G by conjugation induced by the left regular representation.
The assignment (A, α) → (K G ⊗ A, α K ) is functorial, in the sense that any *-homomorphism φ : (A, α) → (B, β) induces a *-homomorphism id⊗φ :
Proposition 4.8. Let F is a filter on a set I, and let (A ℓ , α (ℓ) ) ℓ∈I be G-C*-algebras. Then the assignment
Proof. Observe that tensor product K G ⊗ G F A ℓ coincides with the maximal tensor product. Therefore the assignment in the statement gives a well-defined *-homomorphism ψ :
is endowed with the reduced product of the stabilizations (α
Denote by 1 ∈ C(G) the unit, and let |1 ∈ L 2 (G) be the corresponding vector, and |1 1| ∈ K G the corresponding rank one projection.
, and the injective *-homomorphism a → |1 1| ⊗ a is G-equivariant.
Proof. The invariance property of the
. We claim that (1 ⊗ |1 1|)X = 1 ⊗ |1 1|. Indeed for every x, y ∈ C(G) we have that
In the following lemma, we considered the ordered selfadjoint operator space language L osos as introduced in [22, Subsection 3.1], as well as its A-bimodule version L osos,A-A as introduced in [22, Subsection 3.5] . Recall that the language L osos,A-A does not have a distinguished relation symbol for the metric. Instead, for every finite subset F of A, the language L osos,A-A contains a distinguished pseudometric symbol d F , to be interpreted in K G ⊗ A as the pseudometric
Given a compact or discrete quantum group G, one can add symbols for the G-action to obtain languages L osos G and L osos,A-A G . If A is a G-C*-algebra, then K G ⊗ A can be regarded as structure in the language of L C*,KG⊗A-KG⊗A G . Fix an increasing approximate unit (u j ) j∈J for A contained in A α . Suppose now that B is a G-C*-algebra containing A as a nondegenerate G-C*-subalgebra. In particular the approximate unit (u j ) j∈J for A is also an approximate unit for B. The notion of positively quantifier-free definable substructure in a language L is recalled in Definition A.31. Proof. We have already observed that |1 1| ⊗ B is indeed a G-C*-subalgebra of K G ⊗ B. The fact that it is positively quantifier-free L osos,KG⊗A-KG⊗A G -definable is witnessed by the formulas ϕ j,F (x) defined by
where (u j ) j∈J is the fixed approximate unit for A α , and F ranges among the finite subsets of K G ⊗ A.
In the statement of Lemma 4.10, it is important that the G-C*-algebra K G ⊗ B is regarded as a structure in the language L osos,KG⊗A-KG⊗A G , rather than a structure in the language L osos G . Remark 4.11. A similar discussion as above can be done when (A, α) is aĜ-C*-algebra. Fix a nondegenerate faithful representation A → B(H). SetX = V * ∈ M (c 0 (Ĝ) ⊗ C(G)). We define the stabilization of (A, α) as theĜ-C*-algebra (K G ⊗ A, α K ), where the action α K is defined by
Existential embeddings and the Rokhlin property
5.1. Existential embeddings. Let G be either a compact or discrete quantum group. Considering G-C*-algebras as L C* G -structures gives the notion of positively L C* G -existential *-homomorphism between G-C*-algebras; see Definition A.27. When the algebras are separable, and the group is second countable and either compact and coexact or discrete and exact (which is the only case considered in [2] ), a G-equivariant homomorphism is positively L C* G -existential if and only if it is sequentially split in the sense of [2, Definition 3.1]; see A. 28 . In this section, we show that the results from [2] , phrased in terms of positive existential embeddings, can be obtained without any assumptions on the algebras or the group.
Positive existential *-homomorphisms are preserved by functors under general assumptions. If G is a compact or discrete quantum group, we regard G-C*-algebras as the objects of a category with G-equivariant *-homomorphisms as morphisms. In the following proposition, we denote by
G -embedding of a G-C*-algebra into the corresponding ultrapower. Proposition 5.1. Let G 0 and G 1 be either compact or discrete quantum groups, let F be a functor from the category of G 0 -C*-algebras to the category of G 1 -C*-algebras. Assume that for any index set I, for any countably incomplete ultrafilter U over I, and for any G 0 -C*-algebra A, there exists a
Proof. This is immediate using the semantic characterization of positively existential morphisms from Proposition A.28.
Let φ : (A, α) → (B, β) be an injective nondegenerate *-homomorphism. We identify A with a G-invariant subalgebra of B via φ. Suppose that A 0 is a G-C*-subalgebra of A. Both A and B have a natural A 0 -bimodule structure, and hence can be regarded as structures in the language L C*,A0-A0 G [22, Subsection 3.5] . Recall that this is obtained from the language of G-C*-algebras by adding function symbols for the A 0 -bimodule structure, and replacing the distinguished relation symbol for the metric with pseudometric function symbols d F where F ranges among the finite subsets of A 0 . Then d F is interpreted in B as the pseudometric
Proposition 5.2. Let G be a compact or discrete quantum group, let (A, α) and (B, β) be G-C*-algebras, and let φ : A → B be a nondegenerate injective G-equivariant *-homomorphism. Fix a G-C*-subalgebra A 0 of A containing an approximate unit for A. Then φ is L C* G -existential if and only if it is L C*,A0-A0 G -existential.
Proof. As remarked above, one can assume that φ : A → B is the inclusion map. The implication (1)⇒(2) is obvious. The converse implication is easily shown using an increasing approximate unit for A contained in A 0 , which is also an approximate unit for B since the inclusion A ⊆ B is nondegenerate by assumption.
A reason to consider the notion of positive L C* G -existential *-homomorphism is that it allows one to conclude that several properties pass from the target algebra to the domain algebra; see also [1] . The following proposition is just a special instance of Proposition A.29.
Proposition 5.3. Let G be a compact or discrete quantum group. Suppose that C is a class of G-C*-algebras that is definable by a uniform family of positive existential L C* G -formulas. Suppose that (A, α) and (B, β) are G-C*-algebras, and φ : (A, α) → (B, β) is an L C* G -existential *-homomorphism. If (B, β) belongs to C, then (A, α) belongs to C.
The following result is established in [2, Proposition 3.3, Proposition 3.6, Proposition 3.7, Proposition 3.8] when G is compact and coexact or discrete and exact, and second countable. Here, we remove these assumptions, and provide a simpler proof. Proposition 5.4. Let G be a compact or discrete quantum group, let (A, α) and (B, β) be G-C*-algebras, and let φ : A → B be a nondegenerate G-equivariant *-homomorphism.
(1) If G is compact, then the φ| A α :
Proof. (1): This is an immediate consequence of Proposition A.32, after observing that the fixed point algebra of a G-C*-algebra is an L C* G -definable G-C*-subalgebra. (2): We consider the case when G is compact, since the case when G is discrete is analogous. We can assume that A ⊆ B and φ : A → B is the inclusion map. The forward implication is a consequence of Proposition 5.3 and Proposition 4.8. For the converse, observe that we can identify A with the G-C*-subalgebra |1 1|⊗A of K G ⊗A, where 1 ∈ C(G) is the identity element, |1 ∈ L 2 (G) is the corresponding vector under the GNS construction associated with the Haar state, and |1 1| ∈ K G is the rank one projection onto the subspace of L 2 (G) spanned by |1 . A similar observation applies to B, so we identify id ⊗ φ with the inclusion map K G ⊗ A ⊆ K G ⊗ B, and φ with the restriction of id ⊗ φ to |1 1| ⊗ A. We can regard K G ⊗ A and K G ⊗ B as K G ⊗ A-bimodules, and hence as structures in the language L 
The Rokhlin property.
A generalization of the Rokhlin property for actions of classical compact groups on separable C*-algebras has been considered in [2, Section 4] for coexact second countable compact quantum groups. Here, we remove all separability and coexactness assumptions. We fix a compact quantum group G throughout the rest of this section. The following result generalizes [2, Proposition 4.5], with a simple and conceptual proof.
Proposition 5.6. Suppose that G is a compact quantum group, and (A, α) is a G-C*-algebra with the Rokhlin property. Then (A, α) is free.
Proof. Observe that (C(G) ⊗ A, ∆ ⊗ id A ) is a free G-C*-algebra. If (A, α) has the Rokhlin property, then (A, α) is free in view of this observation and Proposition 5.3.
The main result of [2] asserts that, whenever G is a coexact second countable compact quantum groups and (A, α) is a separable G-C*-algebra, then several properties of A are preserved under taking crossed products or passing to the fixed point algebra. One can deduce the natural generalization of such a statement to arbitrary compact quantum groups from the properties of positively existential embeddings established above. 
A is the canonical inclusion. Therefore we conclude that the latter *-homomorphism is positively L C* G -existential as well.
As an application, we extend several preservations results for crossed products by actions with the Rokhlin property; see [17] and [1] . When G is coexact and second countable, this recovers the main result of [2] , although the assertions concerning real rank and stable rank are new even in this case.
Corollary 5.8. Let (A, α) be a G-C*-algebra with the Rokhlin property. If A satisfies any of the following properties, then so do the fixed point algebra A α and the crossed product G ⋉ α A:
(1) being simple; (2) being separable, nuclear, and satisfying the UCT; (3) being separable and D-absorbing for a given strongly self-absorbing C*-algebra D or for D = K(H); (4) being expressible as a direct limit of certain weakly semiprojective C*-algebras (see Theorem 3.10 in [17] for the precise statement). This includes UHF-algebras (or matroid algebras), AF-algebras, AI-algebras, AT-algebras, countable inductive limits of one-dimensional NCCW-complexes, and several other classes. (5) having nuclear dimension at most n; (6) having decomposition rank at most n; (7) having real rank at most n; (8) having stable rank at most n. Finally, the K-theory formula for fixed point algebras of Rokhlin actions of finite groups from [29] generalizes to the setting of Rokhlin actions of compact quantum groups. This has been shown in [2, Theorem 5.11] for separable coexact compact quantum groups, but the proof applies equally well in general.
Proof. In view of Theorem 5.7, the canonical inclusions
Theorem 5.9. Let G be a compact quantum group, and (A, α) be a G-C*-algebra. If (A, α) has the Rokhlin property, then the canonical inclusion A α ֒→ A induces an injective morphism
In fact, under the assumptions of Theorem 5.9, one can conclude that the inclusion of K 0 (A α ) into K 0 (A) is positively existential. Here we regard K 0 -group as structures in the language of dimension groups (G, +, u) endowed with domains of quantifications to be interpreted as the subsets {x ∈ G : − nu ≤ x ≤ nu} for n ∈ N. This corresponds to the notion of ultrapower of dimension groups considered in [46] . Definition 5.10. Let G be a compact quantum group, (A, α), (B, β) be two G-C*-algebras, and φ 1 , φ 2 : A → B be G-equivariant *-homomorphisms. Then φ 1 , φ 2 are approximately G-unitarily equivalent, in formulas φ 1 ≈ u,G φ 2 , if there exists a net (v i ) of unitary elements of the fixed point algebraB β such that φ 2 is the limit of Ad(v i ) • φ 1 is the topology of pointwise norm convergence.
When B is separable, one can replace nets with sequences in Definition 5.10. In the case when G is the trivial group, Definition 5.10 recovers the usual notion of approximate unitary equivalence φ 1 ≈ u φ 2 for the *-homomorphisms φ 1 , φ 2 .
A rigidity result for Rokhlin actions of coexact second countable compact quantum groups, generalizing results for finite and compact from [20, 22, 29, 42] and for finite quantum groups from [33] , has been obtained in [2, Theorem 5.10] . In the rest of this section, we observe here that such a result holds for arbitrary (not necessarily coexact) second countable compact quantum groups. Corollary 5.12. Let G be a second countable compact quantum group, and D be a strongly self-absorbing C*-algebra. Then there exists at most one conjugacy class of G-actions on D with the Rokhlin property.
The rest of this subsection is dedicated to the proof of Theorem 5.11. We fix separable G-C*-algebras (A, α) and (B, β), and homomorphisms φ, φ 1 , φ 2 : (A, α) → (B, β). We will use tacitly the fact that the unitary group of a unital C*-algebras is positively quantifier-free L C*,1 -definable with respect to the class of unital C*-algebras. Indeed, it is the zeroset of the stable positive quantifier-free
Then for every finite subset F of A and every ε > 0 there exists a unitary v in the minimal unitization of
Proof. This is a straightforward modification of [2, Lemma 5.4].
Lemma 5.14. Suppose that β • φ ≈ u (id ⊗ φ) • α, and that β has the Rokhlin property. Then for every finite subset F of A and every ε > 0, there exists a unitary v in the unitization of C(G) ⊗ B such that
Proof. Fix a finite subset F of A and ε > 0. By Lemma 5.13, there exists a unitary v in the unitization of
and sup
Since β has the Rokhlin property, the map
is positively L C* G -existential. Therefore its unique unital extension
is positively L We prove the following lemma directly using the definition of positively L C* G -existential G-equivariant *-homomorphism.
Lemma 5.16. Suppose that (C, γ) is a G-C*-algebra, and ψ :
Proof. Observe that the unital extension ψ : (B, β) → (C, γ) is a positively L C*,1
Since ψ is a positively L C* G -existential G-equivariant *-homomorphism, there exists a unitary u ∈B β such that sup x∈F vφ 1 (x)v * − φ 2 (x) < ε. This concludes the proof.
The following proposition in the case when G is coexact is As fruitful as the Rokhlin property is, it is also very rare. In fact, there are many very interesting C*-algebras that do not admit any Rokhlin action of a nontrivial compact quantum group. For example, we have the following result. For θ ∈ R \ Q, we denote by A θ the irrational rotation algebra. Also, we write O ∞ for the Cuntz algebra on infinitely many generators.
Proposition 5.18. Let G be a nontrivial finite quantum group and let θ ∈ R \ Q. There do not exist any actions of G on either A θ or O ∞ with the Rokhlin property.
Proof. For classical finite groups, this is well known; see, for example, Section 3 in [19] . Suppose that G is not classical finite quantum group. Then C(G) is a finite dimensional C*-algebra which is not commutative. Find n ∈ N, with n > 1, and orthogonal projections p 1 , . . . , p n ∈ C(G) which add up to 1 C(G) and are unitarily equivalent in C(G).
Let A be either A θ or O ∞ . Suppose that α is an action of G on A, and assume by contradiction that α has the Rokhlin property. Therefore α :
By considering the projections p j ⊗ 1 A ∈ C(G) ⊗ A, we deduce that there exist orthogonal projections q 1 , . . . , q n ∈ A which add up to 1 A and are unitarily equivalent in A. In the case of O ∞ , this would imply that the class of unit of O ∞ in its K 0 -group is divisible by n > 1, which is not true. For the case of A θ , and denoting its unique trace by τ , we would get 1 = τ (1 A θ ) = n j=1 τ (q j ) = nτ (q 1 ), since unitarily equivalent projections have the same value on traces. The range of τ on traces is known not to contain any rational which is not an integer, so this is again a contradiction. This finishes the proof.
Nonexistence results like the one just explained are the main motivation for introducing a more flexible notion, the Rokhlin dimension, which is the content of the next section. Despite not admitting any Rokhlin action, the algebras O ∞ and A θ have many actions with finite Rokhlin dimension; see, for instance, [19].
6. Order zero dimension and Rokhlin dimension 6.1. Order zero dimension. The notion of positive L C* G -existential G-equivariant *-homomorphism admits a natural generalization, which has been introduced in the classical setting in [22, Section 5] . We consider here its natural extension to compact quantum groups. In the following definition, given a *-homomorphism θ : A → B, we consider B as an A-bimodule, with respect to the A-bimodule structure defined by a · b = θ(a) b and b · a = b θ(a) for every a ∈ A and b ∈ B.
Definition 6.1. Let G be either a discrete or a compact quantum group, let (A, α) and (B, β) be G-C*-algebras. Fix a cardinal number κ larger than the density characters of A, B, and L 2 (G), and a countably incomplete κ-good filter F . We say that a *-homomorphism θ : (A, α) → (B, β) has G-equivariant order zero dimension at most d, written dim
and ∞ otherwise. The order zero dimension of a *-homomorphism between C*-algebras can be obtained as the particular instance of Definition 6.1 when G is the trivial group. Remark 6.2. Definition 6.1 does not depend on the choice of the countably incomplete κ-good ultrafilter F . This can be seen, for instance, by considering the syntactic characterization presented in Remark 6.3 below. Furthermore, when G is second countable, and A, B are separable, one can choose F to be any countably incomplete filter, such as the filter of cofinite subsets of N. . Adding function symbols for the A-bimodule operations give the A-bimodule ordered operator space language L osos,A-A and the A-bimodule order zero language L oz,A-A . In both these languages, the distinguished symbol for the metric is replaced by pseudometric symbols d F for F ranging among the finite subsets of A, to be interpreted as the pseudometric Remark 6.4. Suppose that θ : (A, α) → (B, β) is a nondegenerate *-homomorphism. Fix a countably incomplete κ-good ultrafilter U, where κ is larger than the density character of A, B, and L 2 (G). Let also A 0 be a G-C*-subalgebra of A containing an approximate unit for A. In the case when G is compact, assume furthermore that A 0 is contained in the fixed point algebra (which is a nondegenerate C*-subalgebra of A). Recall that a unital completely positive order zero map is a *-homomorphism. Next, we prove a similar result with 'unital' being replaced by 'nondegenerate'. If α is a G-action on A, then α admits a unique extension to a G-action onÃ, which we still denote by α. Lemma 6.5. Let φ : A → B be a completely positive order zero map between C*-algebras. If φ is nondegenerate, then it is a *-homomorphism.
Proof. If A is unital, then φ : A → B ⊂ M (B) is unital, and the conclusion follows from the structure theorem for completely positive order zero maps from [51] . Suppose that A is not unital, and letÃ be its unitization. We let B * * be the second dual of B, which we identify with the enveloping von Neumann algebra of B. Fix an increasing approximate unit (u j ) j∈J for A, and set g = sup j∈J φ(u j ) ∈ B * * . By [51, Proposition 3.2] , the (unique) linear mapφ :Ã → B * * extending φ with φ(1) = g, is completely positive of order zero. Since φ is nondegenerate, we must have g = 1 ∈ B * * . Thereforeφ is a *-homomorphism, and hence so is φ.
Lemma 6.6. Suppose that G is a compact or discrete quantum group, and (A, α) is a G-C*-algebra.
Proof. Consider an approximate unit (u j ) j∈J for A. Fix a is a quantifier-free L C*,A-A G -formula, ϕ (x,ȳ), and a tuple a in A. If (b k + λ k 1) n k=1 is a tuple inÃ satisfying the condition ϕ(a,ȳ) < r, then, for a suitable j ∈ J,
is a tuple in A satisfying the same condition. Proposition 6.7. Let G be either a compact or discrete quantum group, and let θ : (A, α) → (B, β) be an injective *-homomorphism between G-C*-algebras.
(1) If (C, γ) is a G-C*-algebra, and ψ : (B, β) → (C, γ) is a *-homomorphism, then
(3) Let I be a directed set, and let ((A i , α i ), θ ij ) i,j∈I be a direct system of G-C*-algebras. For every
(4) Let I be a directed set, and for
Suppose that S is a positively quantifier-free L osos,A-A G -definable G-C*-subalgebra relative the class C of G-C*-algebras that contain (A, α). Then θ maps S (A,α) to S (B,β) , and dim
(1)-(4) can be proved similarly as for classical groups; see [22, Proposition 5.4] . (5) is an easy consequence of the definition. (6) is a particular instance of (5) in the case of the fixed point subalgebra, which is an L osos Gdefinable G-C*-subalgebra relative to the class of G-C*-algebras when G is a compact quantum group.
The following is one of our main results regarding order zero dimension. In the proof of part (5) Theorem 6.8. Let G be either a compact or discrete quantum group, and let θ : (A, α) → (B, β) be a nondegenerate injective *-homomorphism. Then:
( 
Since φ is nondegenerate and ψ is an A-bimodule map, ψ is nondegenerate. Therefore ψ is a *-homomorphism, witnessing that θ is positively L C* G -existential. 
and similarly ψ(1)a = a. This shows that ψ(1) = 1 and that
is the diagonal embedding. We also have, for j = 0, 1, . . . , d.
Therefore ψ j is anÃ-bimodule map. Hence ψ 0 , . . . , ψ d witness that dim
α is a closed two-sided ideal of the fixed point algebra of (Ã, α). Therefore, by Remark 6.4, there exist G-equivariant completely positive contractive order zero A-
Therefore the restriction of the maps ψ 0 , . . . , ψ d to B witness that dim
The proof of this fact is identical to the proof of Proposition 5.4 (2) . (4): We first prove that dim 
Consider now the case when A and B are not necessarily unital. Then dim (2) . By applying the result to the unital case, we have dimĜ
-definable with respect to the class ofǦ-C*-algebras of the form G ⋉ γ C for some G-C*-algebra (C, γ) such that (A, α) embeds equivariantly into (C, γ). Therefore, by Proposition 6.7(5), the restriction G ⋉ θ : G ⋉ α A → G ⋉ β B also hasǦ-equivariant order zero dimension at most d in view of the semantic characterization ofǦ-equivariant order zero dimension from Remark 6.3. We conclude that dim
As in the proof of Proposition 5.4(4), one can now deduce that in fact equality holds using (3) and the Baaj-Skandalis-Takesaki-Takai duality for compact quantum groups.
(5): We can assume that A ⊆ B is a nondegenerate G-C*-subalgebra, and θ : A → B is the inclusion map. Let x ∈ C(G) ⊗ A, and ε > 0. Using freeness for β, find n ∈ N, and tuples b 1 , . . . , b n , c 1 , . . . , c n ∈ B with
Set M = max k=1,...,n b k and d = dim j , using functional calculus for order zero maps (see [51, Corollary 3.2] ). It is easily checked that π j is again a G-equivariant A-bimodule map.
For j = 0, . . . , d and k = 1, . . . , n, set
In the rest of this proof, for elements e and f in some C*-algebra and δ > 0, we write e ≈ δ f to mean e − f < δ. By the comments before this proposition, we have
In the following computation, we use the observation above at the first step; the definition of the elements b k and c k at the third; the fact that u has a square root at the fourth, together with the comments before this proposition regarding order zero maps; the fact that φ j is a (C(G)⊗ A)-bimodule map at the fifth; the definition of φ j at the seventh; and the properties of the maps ψ j at the eighth:
This shows that (A, α) is free.
The following preservation result for *-homomorphisms with finite order zero dimension has been established in [22, Proposition 5.22] . Given a C*-algebra A, we let dim nuc (A) be the nuclear dimension of A [52], and dr(A) be the decomposition rank of A [31, Definition 3.1].
Proposition 6.9. Let A, B be C*-algebras, and θ : A → B be a *-homomorphism. Then
More generally, Proposition 6.9 applies to any dimension function for (nuclear) C*-algebras that is (nuclearly) positively ∀∃-axiomatizable in the sense of [22, Definition 5.15, Definition 5.16.].
6.2. Rokhlin dimension. We continue to fix a compact quantum group G. We consider C(G) ⊗ A as a G-C*-algebra with respect to the action given by ∆ ⊗ id A . The following is the main technical fact for actions with finite Rokhlin dimension.
Here KǦ ⊗ A is regarded as aǦ-C*-algebra endowed with the stabilization of the trivial action ofǦ on A.
Proof. Let d be the Rokhlin dimension of (A, α). We consider α as a G-equivariant *-homomorphism α :
We thus have that d is equal to the G-equivariant order zero dimension of α. By Proposition 6.7(6), dim
The restriction α| A α is the embedding A α ֒→ 1 ⊗ A ⊆ C(G) ⊗ A, so this proves the first equality. By part (4) of Theorem 6.8, theǦ-equivariant *-homomorphism G⋉α : G⋉ α A → G⋉ ∆⊗idA C(G)⊗A induced by α is equal to d.. A particular instance of the Baaj-Skandalis-Takesaki-Takai duality for compact quantum groups yields aǦ-equivariant *-isomorphism ρ :
Corollary 6.12. Suppose that G is a compact quantum group, and (A, α) is a G-C*-algebra. Then
Proof. This is an immediate consequence of Theorem 6.11 and Proposition 6.9.
Remark 6.13. Let θ : (A, α) → (B, β) be a G-equivariant *-homomorphism. Using part (1) of Proposition 6.7 at the fourth step, we get
The following dimensional inequalities follow from the remark above and [22, Theorem 5.40 and Theorem 4.41]. We denote by Z the Jiang-Su algebra, and by O 2 and O ∞ the Cuntz algebras on two and infinitely many generators, respectively. Theorem 6.14. Let (A, α) be a G-C*-algebra, and let U be UHF-algebra of infinite type. Then
Finally, we show that actions with finite Rokhlin dimension are free. This result is new even for actions of classical finite groups. Previous partial results were considerably more technical, and the quantum group perspective makes the argument significantly more transparent. Theorem 6.15. Let (A, α) be a G-C*-algebra. If dim Rok (α) < ∞, then α is free.
Proof. By Example 3.9, the G-C*-algebra C(G) ⊗ A is free. Since α : A → C(G) ⊗ A has finite G-equivariant order zero dimension, the result follows from part (5) of Theorem 6.8.
6.3. Duality. One can isolate a notion of dimension for actions of discrete quantum groups, which is dual to the notion of Rokhlin dimension for actions of compact quantum groups. Suppose that G is a compact quantum group, and let (A, α) be aǦ-C*-algebra. Consider the reduced crossed productǦ ⋉ α,r A, and the canonical inclusion ι C(G) : C(G) → M (Ǧ ⋉ α,r A). Denote by V the fundamental unitary of G. Consider now the unitary
Then the map Ad(V * α ) turns M (Ǧ ⋉ α,r A) into aǦ-C*-algebra. Definition 6.16. Let (A, α) be aǦ-C*-algebra. The representation dimension dim rep (A, α) of (A, α) is thě G-equivariant order zero dimension of the canonical embedding (A, α) → (Ǧ ⋉ α,r A, Ad(V * α )). In the case of dimension zero, and when G is coexact and A is separable, Definition 6.16 recovers the notion of spatial approximate representability from [2, Definition 4.7] . The following result generalizes [2, Theorem 4.12] , which is then the case of dimension zero. Theorem 6.17. Let G be a quantum group and let (A, α) be a G-C*-algebra.
( A function symbol f is allowed to have arity n f = 0, in which case it is called a constant symbol. Given a language L, one can define the notion of L-term by recursion. Formally, one declares that variables are terms, and if t 1 , . . . , t n are L-terms and f is an n-ary function symbol in L, then f (t 1 , . . . , t n ) is an L-term. If t is an L-term and x 1 , . . . , x k are the variables that appear in t, then one also writes t as t(x 1 , . . . , x k ).
Formulas are defined starting from terms by recursion. A basic L-formula in the free variables x = (x 1 , . . . , x k ) is an expression ϕ(x) of the form R(t 1 , . . . , t n ) where t 1 (x), . . . , t n (x) are L-terms and R is an n-ary relation symbol in L. A quantifier-free L-formula is an expression ϕ(x) of the form q(ψ 1 (x), . . . , ψ n (x)) where ψ 1 , . . . , ψ n are basic L-formulas in the free variables x and q : R n → R is a continuous function. Such a quantifier-free formula is positive if q : R n → R has the property that s i ≤ t i for i = 1, 2, . . . , n implies that q(s 1 , . . . , s n ) ≤ q(t 1 , . . . , t n ). If furthermore q is of the form q(z 1 , . . . , z n ) = max {u 1 (z 1 ), . . . , u n (z n )} where u 1 , . . . , u n : R → R are continuous nondecreasing functions, then we say that ϕ(x) is a positive primitive quantifier-free L-formula. One obtains in this way an L-structure M , which is called the reduced L-product of the I-sequence of Lstructures (M i ) i∈I with respect to the filter F , and denoted by F M i . In the case when F is an ultrafilter, then F M i is called L-ultraproduct of the I-sequence (M i ) i∈I . The function that maps an element a of M to the element of F M i with representative sequence constantly equal to a defines the canonical diagonal L-embedding of M into F M i . The fundamental properly of reduced L-products is the following result, known as Los' theorem; see [15, Proposition 4.3].
Proposition A.22. Suppose that F is a filter on a set I, (M i ) i∈I is an I-sequence of L-structures, and ϕ(x 1 , . . . , x k ) is a formula in the free variables x 1 , . . . , x n . If either ϕ is positive primitive quantifier-free, or F is an ultrafilter, then for any [a Corollary A. 23 . Suppose that C is a class of L-structures that is axiomatizable in the language L. Then C is closed under L-ultraproducts. If C is furthermore positively primitively ∀∃-axiomatizable in the language L, then C is closed under reduced L-products.
A.4. Types and saturation. A (closed) L-condition is an expression of the form ϕ(x) ≤ r for some L-formula ϕ in the free variables x = (x 1 , . . . , x k ) and r ∈ R. An L-type p(x 1 , . . . , x k ) in the free variables x 1 , . . . , x k is a collection of L-conditions ϕ(x) ≤ r. Such a type p is quantifier-free if all the conditions that appear in it involve quantifier-free L-formulas, and positive quantifier-free if all the conditions that appear in it involve positive primitive quantifier-free L-formulas. A realization of the L-type p(x) in an L-structure M is a tuple a = (a 1 , . . . , a k ) in M such that each a i belongs to the interpretation of the sort of x i , and ϕ M (a) ≤ r for every condition ϕ(x) ≤ r in p(x). In this case, we also write M |= ϕ(a) ≤ r and M |= p(a). An L-type is realized in an L-structure M if it admits a realization in M . It is approximately realized in M if for any finite subset p 0 (x) of p(x) and for any ε > 0, the type p ε 0 (x 1 , . . . , x k ) consisting of the conditions ϕ(x) ≤ r + ε for any condition ϕ(x) ≤ r in p 0 (x 1 , . . . , x k ), is realized in M .
Suppose that M is an L-structure, and A is a subset of M . Then one can consider the language L(A) obtained by adding to L a constant symbol for each element of A. Then M or any L-structure containing M can be canonically regarded as an L(A)-structure.
Definition A.24. Suppose that κ is an uncountable cardinal. An L-structure M is L-κ-saturated if for every subset A of M of density character less than κ and for any L(A)-type p, if p is approximately realized in M , then it is realized in M . Replacing arbitrary types with positive quantifier-free types gives the notion of positively quantifier-free L-κ-saturated structure.
In the particular case when κ = ℵ 1 , L-ℵ 1 -saturation is also called countable L-saturation, and positive quantifier-free L-κ-saturation is also called positive quantifier-free countable L-saturation. The fundamental property of ultrapowers of structures with respect to nonprincipal ultrafilters over N is that they are countably saturated; see [15, Proposition 4.11].
Proposition A.25. Suppose that F is a countably incomplete filter. Let C be a class of L-structures such that L is separable for C. If M is an L-structure in C, then the reduced power F M is countably positively quantifier-free L-saturated. If F is a countably incomplete ultrafilter, then the ultrapower U M is countably L-saturated.
Proposition A.25 admits a generalization to an arbitrary uncountable cardinal κ. In this more general setting, one needs to consider (ultra)filters that are moreover κ-good. The definition of κ-good is given in [5, Section 6.1] for ultrafilters, but it applies equally well to filters. Every countably incomplete filter is ℵ 1 -good. In particular, every nonprincipal ultrafilter over N is ℵ 1 -good. The same proof as [5, Theorem 6.1.8] gives the following.
Proposition A.26. Let κ be an uncountable cardinal, and let F be a countably incomplete κ-good filter. Let C be a class of L-structures such that L has density character less than κ for C. If M is an L-structure, then the reduced power F M is positively quantifier-free L-κ-saturated. If U is a countably incomplete κ-good ultrafilter, then the ultrapower U M is L-κ-saturated.
A.5. Existential embeddings. Suppose that L is a language in the logic for metric structures as above, M, N are L-structures, and T : M → N is a function. Then T is an L-morphism if, for every sort S in L and for every domain of quantification D for S, T maps S M to S N and D M to D N , and for any atomic formula ϕ(x 1 , . . . , x k ) one has that ϕ N (T (a 1 ), . . . , T (a k )) ≤ ϕ M (a 1 , . . . , a k ) for any a 1 , . . . , a n of the same sorts as x 1 , . . . , x k . An L-morphism is an L-embedding if for any atomic formula ϕ(x 1 , . . . , x k ) one has that ϕ N (T (a 1 ), . . . , T (a k )) = ϕ M (a 1 , . . . , a k ) for any a 1 , . . . , a n of the same sorts as x 1 , . . . , x k . Suppose that T : M → N is an L-embedding, and A is a subset of M . Recall that L(A) is the language obtained from L by adding a constant symbols c a for any element a of A. Then one can regard both M and N as L(A)-structures, by interpreting c a as a in M and as T (a) in N . We recall here the notion of (positively) L-existential L-embedding.
Definition A.27. Suppose that M, N are L-structures, and T : M → N is an L-embedding. Then T is a (positively) L-existential if for every (positive) quantifier-free L(M )-condition ϕ(x 1 , . . . , x n ) ≤ r satisfied in N and for every ε > 0, then L(M )-condition ϕ(x 1 , . . . , x n ) ≤ r + ε is satisfied in M .
The following characterization of L-existential L-embeddings is an immediate consequence of Los' theorem and saturation of reduced powers. Recall that any countably incomplete filter is ℵ 1 -good.
Proposition A.28. Fix an uncountable cardinal κ, a class C of L-structures, and structures M, N in C of density character less than κ. Suppose that F is a countably incomplete κ-good filter. Let T : M → N be an L-morphism. The following assertions are equivalent:
